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Recent publication [1] gives an elegant proof that in a scale invariant relativistic field
theory a field of canonical dimensionality belonging to the minimal representation of the
Lorentz group is free. Although the proof does not imply the existence of a Lagrangian - a
theory can be given by a set of correlators (bootstrap) - we will focus on the systems admitting
Lagrangian formulation. In this case it is crucial for the proof to assume Lorentz and scale
invariance of both the Lagrangian and the vacuum. In this note we consider a somewhat
weaker assumption. Taking a theory with scale invariance broken spontaneously and the
Lorentz invariance kept intact we demonstrate that minimal fields of canonical dimensionality
are not necessarily free. Briefly recapping the proof we show why the arguments of [1] are
not applicable for spontaneously broken scale symmetry.
Weinberg proposes to consider the action of the operator
Lµν = −iz
µ ∂
∂zν
+ izν
∂
∂zµ
(1)
on the two-point function
G(x− y) = 〈0
∣∣ψ(x)ψ†(y)∣∣ 0〉, (2)
where ψ is a field belonging to an arbitrary representation of the Lorentz group. For brevity
we suppress the index numbering the components. Using the Lorentz invariance one gets
LµνL
ν
µG(z) = J
µνJµνG(z)− 2J
µνG(z)J†µν +G(z)J
†µνJ†µν . (3)
where Jµν is the generator of the Lorentz transformations for the representation of ψ. On
the other hand a straightforward computation yields
LµνL
ν
µ =
[
2S2 − 4S − 2z2
]
G(z), (4)
with
S = −zµ
∂
∂zµ
(5)
1
being the generator of dilations. The crucial assumption of the proof – the scale invariance
of the vacuum – translates into
SG(z) = 2∆G(z), (6)
with ∆ being the scaling dimension of the field ψ. For the minimal field (in the representation
(j, 0) or (0, j)) the canonical dimensionality is ∆ = j + 1. As a result from (3) and (4) we
obtain the equation for the two-point function
G(z) = 0. (7)
Therefore, one concludes that the field ψ(x) is indeed free
xψ(x) = 0. (8)
Let us now turn to the case of spontaneously broken scale symmetry. If the Lagrangian
is invariant under the scale transformation the Ward identities corresponding to the field
transformation
δψ(x) = − (xµ∂µ +∆)ψ(x), (9)
are not changed regardless whether the vacuum is invariant under the symmetry or not
i〈∂µj
µ
D(x)ψ(x1) . . .〉 =
∑
i
δ(x− xi)〈ψ(x1) . . . δψ(xi) . . .〉. (10)
If the vacuum is invariant under the scale transformations, integrating (10) over the space-
time for the two-point function one gets precisely the formula (6). However, spontaneous
symmetry breaking renders the integral of the l.h.s of (10) non-zero. Usually in the case of
spontaneous symmetry breaking the vacua can be labeled by the vev v of some operator
〈v |O| v〉 = v, (11)
which serves as an order parameter. In this case scale transformations generated by (9) relate
the correlators computed over different vacua. Namely, if the transformation is realized by
the unitary operator U
Uψ(x′)U † = λ−∆ψ(x),
x′ = λx, (12)
the expectation value becomes
v′ = λ−∆Ov. (13)
While for the correlators one gets
〈v′ |ψ(λx1) . . . ψ(λxN)| v
′〉 = λ−N∆〈v |ψ(x1) . . . ψ(xN )| v〉. (14)
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The corollary is that for the case of spontaneous symmetry breaking the formula (6) is not
applicable and one cannot conclude that the field is free. Below we give an example of an
effective field theory with exact but spontaneously broken scale symmetry which has massless
interacting particle with canonical scaling dimension.
We consider a toy model described by the following Lagrangian
L =
1
2
(∂µφ)
2 +
1
2
(∂µχ)
2 − λ0
(
φ2 − ζ2χ2
)2
. (15)
Classically it is scale invariant in 4 dimensional space-time. The potential in (15) has a flat
direction. Choosing the vacuum with non-zero vevs for the fields φ and χ breaks the sym-
metry spontaneously. As a result there are two interacting scalar particles in the spectrum.
One of them is the Goldstone boson corresponding to the broken scale symmetry (dilaton),
therefore, it is massless. The mass of the second particle is proportional to ζ〈χ〉.
However, this is not the end of the story. Although the symmetry is manifest at the
classical level quantum corrections usually destroy the symmetry (see for example [2, 3]),
making the trace of the energy-momentum tensor non-vanishing (we do not consider here
rather special case of theories with zero β-function and, therefore, not running coupling
constant). Such an ”anomaly” is usually attributed to the regularization/renormalization
procedure. Meaning that it is necessary to introduce a mass parameter in one way or another
which breaks the symmetry explicitly (e.g., Pauli-Villars regulators have mass, therefore, the
symmetry is broken). That suggests the way out. In [4] it was proposed to use a modified
version of the dimensional regularization. The approach is somewhat analogous to the one
in [5]. It is not unique, another scale invariant regularization was discussed in [6].
Let us outline the idea. In the framework of standard dimensional regularization ([7, 8])
one considers the system in n = 4−ε dimensions introducing the renormalized dimensionless
coupling constant
λ0 = λµ
4−n
[
1 +
∑
k
Ck
(n− 4)k
]
, (16)
with µ being an arbitrary renormalization scale needed to compensate the dimension of λ0.
The presence of this scale is the source of non-invariance. Therefore, promoting µ to be field
dependent
µ → χ
2
n−2Fn(φ/χ),
F4(φ/χ) = 1, (17)
makes the scale symmetry manifest.
It was shown in [4] that at one loop the prescription described above indeed leads to the
scale invariant effective potential. One can choose the counter terms needed to cancel the
3
divergencies in such a way that the flat direction is preserved as well. That means that the
scale symmetry is exact at the quantum level and spontaneously broken. As a result, the
dilaton stays massless and interacting1. For energies much less than 〈χ〉 in the limit ζ ≪ 1
the momentum dependence of the matrix element φφ → φφ (or equivalently of the 4-point
function Γ4φ) coincides with the one prescribed by the standard renormalization group. Of
course, the scale symmetry preserved at the quantum level with such a prescription is not
given for free, new counter terms are needed at higher orders rendering the theory non-
renormalizable [9].
To conclude, in this note we considered the example of a theory with spontaneously
broken scale invariance. The Goldstone boson of such a theory (dilaton), although having
canonical dimensionality, does not have to be decoupled from other fields and the interactions
can have long reaching phenomenological implications.
One of the reasons to study theories with spontaneously broken scale invariance originates
from the desire to explain two puzzles, namely, the Higgs hierarchy and the cosmological
constant problems. The scale symmetry in combination with approximate shift symmetry
χ→ χ+c, existing at ζ ≪ 1 leads to stability of the Higgs mass against radiative corrections
and to an alternative formulation of cosmological constant problem (for details see [4, 10]).
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